Abstract. We introduce a new class of pseudoprimes. In this work we characterize Midy pseudoprimes, give some of their properties and established interesting connections with other known pseudoprimes, in particular we show that every divisor of a Midy pseudoprime is either a prime or a Midy pseudoprime and in the last case it is a strong pseudoprime.
Midy's Property
Let b be a positive integer greater than 1, b will denote the base of numeration, N a positive integer relatively prime to b, i.e (N, b) = 1, |b| N the order of b in the multiplicative group U N of positive integers less than N and relatively primes to N, and x ∈ U N . It is well known that when we write the fraction x N in base b, it is periodic. By period we mean the smallest repeating sequence of digits in base b in such expansion, it is easy to see that |b| N is the length of the period of the fractions If for all x ∈ U N , the sum S d (x) is a multiple of b k − 1 we say that N has the Midy's property for b and d. It is named after E. Midy (1836), to read historical aspects about this property see [Lew07] and its references.
We denote with M b (N ) the set of positive integers d such that N has the Midy's property for b and d and we will call it the Midy's set of N to base b. As usual, let ν p (N ) be the greatest exponent of p in the prime factorization of N .
For example 13 has the Midy's property to the base 10 and d = 3, because |13| 10 = 6, 1/13 = 0.076923 and 07 + 69 + 23 = 99. Also, 75 has the Midy's property to the base 8 and d = 4, since |75| 
The next theorem is a different way to write Theorem 1.
Theorem 2. Let N be a positive integer and d a divisor of |b| N . The following statements are equivalent
In [CGPVS11] the authors prove the following theorem.
It is easy to see that if N is a prime number, then any divisor of |b| N greater than 1 is an element of M b (N ). In the next section, we will study when a given composite number N satisfies the above property. To do that and by the last theorem it is important to know when a prime divisor of |b| N is in M b (N ). It was characterized by the authors in [CGPVS12, Corollary 5]. We recall that result here. (
Midy pseudoprimes
Pomerance and Crandall in their book [CP05] , state that: Suppose we have a theorem, "If n is prime, then S is true about n," where "S" is some easily checkable arithmetic statement. If we are presented with a large number n, and we wish to decide whether n is prime or composite, we may very well try out the arithmetic statement S and see whether it actually holds for n. If the statement fails, we have proved the theorem that n is composite. If the statement holds, however, it may be that n is prime, and it also may be that n is composite. So we have the notion of S-pseudoprime, which is a composite integer for which S holds. Applying the above commentary, to the Fermat's little theorem the concepts of pseudoprime and strong pseudoprime are given as follows 
Therefore, in any case we obtain that N is a strong pseudoprime to base b. The reciprocal can be prove in a similar way.
The smallest absolute pseudoprime is 561 and in general such numbers are square-free and product of at least three primes, Alford et al. in [AGP94] proved that there are infinitely many absolute pseudoprimes.
Theorem 1 implies that if N is prime then N verifies the Midy's property for any base b and for all divisor d, different from 1, of |b| N , this fact and the commentary quoted from Pomerance and Crandall leave us to study "Midy pseudoprimes" and we will dedicate the rest of this work to do it. Proof. Let p 1 < p 2 be prime divisors of (N, |b| N ). Write N = p 1 p 2 N 1 for some integer N 1 , therefore |b| N = p 1 p 2 |b| p 1 , |b| p 2 r; with r an integer. Let To prove the second part, assume that d ∈ M b (N ) for all divisor d > 1 of |b| N . From Theorem 7 we have r = (N, |b| N ) for some prime r. Take N = rN 1 with N 1 an integer and |b| N = r s |b| r h where (h, r) = 1. We will prove that h = 1. If there is a prime divisor q of h, from Theorem 4 follows that ν q (|b| N ) = ν q |b| p for all prime divisor p of N, particulary to p = r we obtain ν q (|b| r ) = ν q (|b| N ) = ν q (|b| r ) + ν q (h) and hence ν q (h) = 0. Thus h = 1.
Let p = r a prime which divides N , we will see that |b| N = |b| p . Write |b| N = |b| p H with H an integer. If p is a divisor of H, then p divides |b| N and consequently p divides (N , |b| N ) which is absurd because p = r. Suppose that there exists a prime q different from p and divisor of H, so |b| N = |b| p H = |b| p H 1 q = qk and as, by the assumption, q ∈ M b (N ), it leaves us to a contradiction from Theorem 1 because p is a divisor of N, b k − 1 . So H = 1 and |b| p = |b| N = r s |b| r . Therefore N = rp V. Shevelev defines in [She08] the concept of overpseudoprime numbers and characterized them in Theorem 7. That result is equivalent to our Theorem 10, so the concepts of overpseudoprime and Midy's pseudoprime agree.
Theorem 10 give us the following characterization.
Corollary 11. An odd composite N is a Midy pseudoprime to base b if and only if each divisor of N is either a prime or a Midy pseudoprime to base b.
The bellow result, Theorem 2.3 of [Mot95] , allows us to give a equivalent form of Theorem 10. We denote with Φ n (x) the n-th cyclotomic polynomial.
Theorem 12 (Theorem 2.3 of [Mot95] ). Let m, b ≥ 2, n ≥ 3 and p be integers, where p is the greatest prime divisor of n. Then a composite number m is a divisor of Φ n (b) if and only if b n ≡ 1 mod m and every prime divisor q of m satisfies that
The following result is a consequence of Theorems 10 and 12. Theorem 1 of [PSW80] shows the subsequent result for strong pseudoprimes. We present here a more wide version which is a direct consequence of Theorems 10 and 12.
is a Midy pseudoprime to base b.
Our next result extends Theorem 3.5.10 of [CP05] . The set of bases of Midy pseudoprimality is closed respect to powers, although it is not closed by product as we can see when take N = 91 which is Midy pseudoprime to bases 9 and 16 but it is not to 53, their product modulo N . Proof. Write N = p Proof. Write N = p e 1 1 p e 2 2 . . . p e l l and assume that N is a Midy pseudoprime to base b. We know that N is a pseudoprime to base b. Since N is a Midy pseudoprime to base b implies that |b| N = |b| n for each divisor n of N and thus there is a non-negative integer k such that for all prime divisor p of N we get that ν 2 |b| p νp(N) = k and the result follows from Proposition 6.
The reciprocal is not true. For example N = 91 is a strong pseudoprime to base 53, but this is not a Midy pseudoprime to this base.
Additionally, from the last theorem and Corollary 11 we get that every composite divisor of a Midy pseudoprime is a strong pseudoprime, in this sense the Midy pseudoprimes are stronger than strong pseudoprimes.
Among the first 58892 strong pseudoprimes to base 2 there are only 31520 Midy pseudoprimes to base 2. Similarly, to base 3 there are 2558 Midy pseudoprimes in the first 6087 strong pseudoprimes and we found 582 Midy pseudoprimes to base 5 in the first 1288 strong pseudoprime to base 5. Almost the 47% of the strong pseudoprimes are Midy pseudoprimes.
We denote with ψ k and ψ k the smallest strong pseudoprime and the smallest Midy pseudoprime to all the first k primes taken as bases, respectively. From Theorem 18 we know that ψ k ≤ ψ k for every positive integer k. With some calculations, we can see that ψ 1 = 2047, ψ 2 = 5173601 and ψ 3 = 960946321. We know, by [Jae93] , the exact values for ψ k , with 1 ≤ k ≤ 8. Thus, ψ 4 > 3215031751 = ψ 4 , ψ 5 > 2152302898747 = ψ 5 , ψ 6 > 3474749660383 = ψ 6 , ψ 7 > 341550071728321 = ψ 7 and ψ 8 > 341550071728321 = ψ 8 .
